
A survey of Ri

i 
urvature for metri
 spa
es and Markov
hainsYann OllivierAbstra
tThis text is a presentation of the general 
ontext and results of [Oll07℄ and [Oll09℄,with 
omments on related work. The goal is to present a notion of Ri

i 
urvaturevalid on arbitrary metri
 spa
es, su
h as graphs, and to generalize a series of 
lassi
altheorems in positive Ri

i 
urvature, su
h as spe
tral gap estimates, 
on
entrationof measure or log-Sobolev inequalities.The ne
essary ba
kground (
on
entration of measure, 
urvature in Riemanniangeometry, 
onvergen
e of Markov 
hains) is 
overed in the �rst se
tion. Spe
ialemphasis is put on open questions of varying di�
ulty.Our starting point is the following: Is there a 
ommon geometri
 feature between the
N -dimensional sphere SN , the dis
rete 
ube {0, 1}N , and the spa
e R

N equipped witha Gaussian measure? For a start, all three spa
es exhibit the 
on
entration of measurephenomenon; moreover, it is known (Dvoretzky theorem) that random small-dimensionalse
tions of the 
ube are 
lose to a sphere, and small-dimensional proje
tions of eitherthe sphere or the 
ube give rise to nearly-Gaussian measures.So one 
an wonder whether there exists a 
ommon underlying geometri
 property. Ahint is given by the Gromov�Lévy theorem [Gro86℄, whi
h states that Gaussian 
on
en-tration o

urs not only for the N -dimensional sphere, but for all Riemannian manifoldsof positive 
urvature in the sense that their Ri

i 
urvature is at least that of the sphere.In Riemannian geometry, Ri

i 
urvature is the relevant notion in a series of positive-
urvature theorems (see se
tion 1.2).One is left with the problem of �nding a de�nition of Ri

i 
urvature valid for spa
esmore general than Riemannian manifolds. Moreover, the de�nition should be lo
al andnot global, sin
e the idea of 
urvature is to seek lo
al properties entailing global 
on-straints. A �rst step in this dire
tion is provided by Bakry�Émery theory [BE85℄, whi
hallows to de�ne the Ri

i 
urvature of a di�usion pro
ess on a Riemannian manifold (orequivalently, of a se
ond-order di�erential operator); when the di�usion is the ordinaryBrownian motion, this gives ba
k usual Ri

i 
urvature. When applied to the naturalpro
ess on R
N asso
iated with the Gaussian measure, this yields a positive 
urvature forthe Gaussian spa
e.Be
ause the Bakry�Émery de�nition involves di�erential 
al
ulus, it is not readilyadaptable to dis
rete spa
es. To deal with the next basi
 example, the dis
rete 
ube,one has to drop the 
ontinuity aspe
t and deal with more �robust� or �
oarse� notionsthat forget the small-s
ale properties of the underlying spa
e. This is similar in spirit towhat has been done for a long time in the (very di�erent) world of negative 
urvature, forwhi
h 
oarse notions su
h as δ-hyperboli
ity and CAT(0) spa
es have been developed.1



Su
h a notion 
an be summarized as follows [Oll07, Oll09℄: a metri
 spa
e has positive
urvature if small balls are 
loser than their 
enters are (De�nition 18). Here one usestransportation distan
es to measure the distan
e between balls.It is possible to put emphasis on a random pro
ess (
onsistently with Bakry�Émerytheory) and repla
e the ball 
entered at a point with the transition probability of arandom walk. Doing so, one �nds that the property above is equivalent to a property�rst introdu
ed by Dobrushin [Dob70, DS85℄ for Markov �elds, and still known in theIsing 
ommunity as the �Dobrushin 
riterion� (several variants of whi
h are in use). The1970 Dobrushin paper was a
tually the one to make transportation distan
es known toa wider audien
e.Dobrushin's 
ontra
tion property in transportation distan
e for Markov 
hains 
anbe seen as a metri
 version of the more well-known Dobrushin ergodi
 
oe�
ient (seee.g. Se
tion 6.7.1 in the textbook [Bré99℄). It is, by Kantorovi
h duality, equivalent to aLips
hitz 
ontra
tion property for a semi-group, a fundamental feature of Bakry�Émerytheory. Under one form or the other, this property pops out sporadi
ally in the Markov
hain literature [CW94, Dob96, BD97, Che04, Oli℄, generally to get rates of 
onvergen
e.Note its use in [DGW04℄ to propagate a strong fun
tional inequality from lo
al to globallevel (thus getting 
on
entration if this inequality holds lo
ally). More re
ently, in anapproa
h somewhat similar to ours, Joulin uses it under the name �Wasserstein 
urva-ture� to get 
on
entration results for the time-t and invariant measure [Jou07℄ as well asfor the empiri
al measure [Jou℄.1 Basi
s: 
on
entration, 
urvature, Markov 
hains, trans-portation distan
esWe now turn to the ba
kground material needed in this 
ourse: 
on
entration of measure,
urvature of Riemannian manifolds, 
onvergen
e of dis
rete Markov 
hains, transporta-tion distan
es. We will try to keep the exposition simple and informal. Good beginner'sguides are as follows: [S
h01, Oll, Led01, Mas07℄ for 
on
entration; [DC92℄ or [Pet06℄for Riemannian geometry; [Mar04, ABCFGMRS00, DS96℄ for 
onvergen
e of Markov
hains; [Vil03℄ for optimal transport.1.1 Con
entration of measureThe �rst o

urren
e of the 
on
entration of measure phenomenon is generally attributedto Lévy [Lév22℄, who noted that, in the Eu
lidean unit sphere SN of large dimension N ,a neighborhood of the equator of size roughly 1/
√

N 
ontains most of the mass of thesphere (for the natural volume measure).This means that if we take a fun
tion f : SN → R whi
h is the orthogonal proje
tionon a 
oordinate axis, then for most points of SN the value of f is 
lose to 0 (roughlyup to 1/
√

N). But 
on
entration of measure is mu
h more general: indeed the aboveapplies to any Lips
hitz fun
tion f , not only the proje
tion to a 
oordinate axis. Thepre
ise quantitative meaning of �most� is a Gaussian 
ontrol as follows.Theorem 1 (Con
entration on the sphere, [Lév22℄).Let SN ⊂ R
N+1 be the Eu
lidean unit sphere. Let f : SN → R be a 1-Lips
hitz fun
tion.2



Then there exists a m ∈ R su
h that, for any t > 0

ν
(

{x ∈ SN , |f(x) − m| > t}
)

6 2 exp − t2

2D2where D = 1/
√

N − 1 and ν is the natural measure on SN , normalized so that ν(SN ) = 1.Exer
ise 2.Prove the theorem. (Hint: Use the fa
t that, of all parts of SN with measure 1/2, half-spheresare those that minimize the boundary length and the measure of their ε-neighborhood. Take for
m a median of f . Then use an estimate of ∫ π/2

u cosN−1(s)ds.)This means that something in the geometry of the sphere for
es Lips
hitz fun
tionsto be 
onstant. Our goal is to 
onvin
e the reader that it is positive Ri

i 
urvature, assuggested by the Gromov�Lévy theorem.Another spa
e on whi
h 
on
entration of measure o

urs is the dis
rete 
ube X =
{0, 1}N . Equip this spa
e with the uniform probability measure, whi
h means that wepi
k at random a sequen
e of 0's and 1's with probability 1/2. Let f : X → R be thefun
tion whi
h maps ea
h sequen
e to the proportion of 1's it 
ontains. It is well-knownthat f is �most of the time� equal to 1/2, and that the deviations behave like 1/

√
N forlarge N and take a Gaussian shape. But in fa
t, 
on
entration of measure states thatthis happens for a mu
h wider 
lass of fun
tions, not only the �linear� f above.Theorem 3 (Con
entration on the 
ube).Let X = {0, 1}N be the dis
rete 
ube equipped with the uniform probability measure ν.Let f : X → R be a fun
tion su
h that, whenever one digit of the sequen
e is 
hanged,then the value of f 
hanges by at most 1/N . Then there exists a m ∈ R su
h that, forany t > 0

ν ({x ∈ X, |f(x) − m| > t}) 6 2 exp − t2

2D2where D = 1/2
√

N .The proof uses an important Lapla
e transform (i.e. exponential moments) te
hniquewhi
h is expressed in the following lemma.Lemma 4 (Lapla
e transform).Let X be a spa
e equipped with a probability measure ν. Let f : X → R. Assume thatthere exists some D > 0 su
h that, for any λ ∈ R one has
Eeλ(f−Ef)

6 eD2λ2/2where E denotes integration w.r.t. ν. Then for any t ∈ R we have
ν({x ∈ X, f(x) − Ef > t}) 6 e−t2/2D2Exer
ise 5.Prove the lemma. (Hint: Markov inequality applied to eλf for some λ.)3



Lapla
e transforms may appear mysterious at �rst glan
e. Observe that for small λwe have Eeλ(f−Ef) = 1 + λE(f −Ef) + λ2

2 E(f −Ef)2 + O(λ3) = 1 + λ2

2 Var f + O(λ3) =

e(Var f) λ2/2+O(λ3). So the D2 appearing in the assumption is a kind of �exponentialvarian
e� for f .Exer
ise 6.Prove the theorem. (Hint: Work on the Lapla
e transform estimate. For N = 1 this resultsfrom a Taylor expansion, and then use indu
tion on N by performing the integration w.r.t. thelast 
oordinate only.)This tensorization property of Lapla
e transforms make them a very 
onvenient tool.The relationship between the 
on
entration theorems on the sphere and 
ube may beformalized by turning {0, 1}N into a metri
 spa
e. Let us say that the distan
e betweentwo length-N sequen
es of 0's and 1's is the number of digits to 
hange to go from one tothe other. (This is the graph metri
 on the edges of the hyper
ube, or the ℓ1 metri
 on
{0, 1}N , also 
alled Hamming metri
.) Then the 
onstraint on f in the theorem abovesimply states that f is 1/N -Lips
hitz. If one res
ales the 
ube metri
 by 1/N so that thediameter is 1 (for better 
omparison with the unit sphere), the 
onstraint on f is simplyto be 1-Lips
hitz, so that the theorems on the sphere and 
ube parallel ea
h other verywell.This shows why 
on
entration is often des
ribed as a �metri
 measure� phenomenon,expressed in terms of Lips
hitz fun
tions. The quantity D is, in the terminology ofGromov [Gro99℄, the �observable diameter� of the spa
e.There are numerous generalizations to the theorems above. We refer to [Led01,Mas07℄.Let us just mention our third basi
 example: R

N equipped with the Gaussian prob-ability measure ν(dx) = e−N |x|2/2/Z where Z is the normalization 
onstant. We have
hosen the parameters su
h that E |x|2 = 1, for better 
omparison with the unit sphere.Then the same theorem holds: for any 1-Lips
hitz fun
tion f : R
N → R, deviations fromthe average are 
ontrolled by e−Nt2/2.The traditional proof uses an isoperimetri
 inequality stating that in Gaussian spa
e,among all subsets of measure 1/2, those with the smallest neighborhoods are half-spa
es.The passage from isoperimetry to 
on
entration is then similar to that for the sphereabove. Another proof is possible with Bakry�Émery theory, by using the Ornstein�Uhlenbe
k pro
ess, whi
h is the natural pro
ess on R

N having the Gaussian measureas its invariant distribution; a
tually this pro
ess has positive Ri

i 
urvature in theBakry�Émery sense.1.2 Ri

i 
urvature of Riemannian manifoldsRiemannian manifolds. Manifolds are the natural higher-dimensional generalizationof 
urves and surfa
es. Any (smooth) manifold 
an be seen as a subset of M ⊂ R
p su
hthat, at ea
h point x ∈ M , there is a N -dimensional subspa
e of R

p, the tangent spa
e
TxM , su
h that TxM 
oin
ides with M around x up to a se
ond order error. The number
N is the dimension of the manifold. 4



Note that if c(t) is a smooth 
urve in M , then the derivative dc(t)/dt is an elementof the tangent spa
e at c(t).It is possible to give an abstra
t version of this de�nition without resorting to sub-spa
es of R
p; a

ording to a theorem of Whitney this amounts to the same.A Riemannian manifold is a manifold equipped with a way to measure the length oftangent ve
tors. Namely, suppose that for ea
h x ∈ M we are given (in a smooth way)a positive de�nite quadrati
 form on the tangent spa
e TxM ; this 
onsitutes a metri
.(For example, if M ⊂ R

p, then one 
an take the restri
tion to TxM of the Eu
lideanstru
ture on R
p.) Then, if c(t) is a 
urve in M , we 
an use the quadrati
 form on Tc(t)Mto de�ne the length ‖dc(t)/dt‖ of a ve
tor tangent to c. Hen
e, by integration, we 
ande�ne the length of a 
urve. One 
an then turn the manifold M into a metri
 spa
e byde�ning the distan
e between two points to be the in�mum of the lengths of the 
urvesin M between the two points. (If M ⊂ R

p and if we use the Eu
lidean stru
ture of R
pas the metri
, then we get the usual length for 
urves in
luded in M .)We will always assume that our Riemannian manifolds are 
onne
ted and 
omplete.A geodesi
 is a 
urve in M su
h that, for any two 
lose enough points on the 
urve,the distan
e between these two points is realized by the 
urve. For example, the equatorand meridians are geodesi
s of the sphere, but the parallels are not. Lo
ally, geodesi
sbetween two points always exist. Moreover, given a starting point x and a tangent ve
tor

v, there is always a geodesi
 starting at x with tangent ve
tor v; it is the 
urve whi
h�goes straight� in M starting with dire
tion v. We will 
all endpoint of v the pointobtained after following this geodesi
 for a unit time and we will denote it by expx v.Intuition for Ri

i 
urvature. A 
entral notion of Riemannian geometry is 
urva-ture. Let x ∈ M and let v be a tangent ve
tor at x, with very small norm δ = ‖v‖. Let
y be the endpoint of v, in parti
ular the distan
e d(x, y) is δ. Let w be another tangentve
tor at x, with very small norm ε; for simpli
ity we assume that w is orthogonal to v.Let w′ be �the same� tangent ve
tor as w, but with basepoint y; this 
an be de�ned as thetangent ve
tor at y whose endpoint is 
losest to the endpoint of w, with the 
onstraintthat w′ be orthogonal to the geodesi
 from x to y, as w is. (Exer
ise: relate this to theusual de�nition of parallel transport and Levi�Civita 
onne
tion.)

δ

ε
w

x

y

w′

δ(1 − ε2K/2)

εNow we are interested in the distan
e between the endpoint of w and that of w′. Ifwe were in a Eu
lidean spa
e, we would simply get a re
tangle and so the length of thefourth side would be exa
tly δ. Now, 
onsider the 
ase of the sphere: if, say, x and y are
lose points on the equator, the geodesi
s issuing from x and y are meridians that meetat the poles. So, intuitively, in positive 
urvature geodesi
s get 
loser, and farther away5



in negative 
urvature. Using the distan
e between the endpoints of w and w′ as a wayto quantify this phenomenon we get:Proposition-Definition 7 (Se
tional 
urvature).Let (X, d) be a smooth 
omplete Riemannian manifold. Let v,w be unit tangent ve
torat x ∈ X. Let ε, δ > 0. Let y be the endpoint of δv and let w′ be the tangent ve
tor at
y obtained by parallel transport of w along the geodesi
 from x to y. Then

d(expx εw, expy εw′) = δ

(

1 − ε2

2
K(v,w) + O(ε3 + ε2δ)

)as (ε, δ) → 0. Here K(v,w) is the se
tional 
urvature in the dire
tions (v,w).Exer
ise 8.Prove the proposition using the 
lassi
al de�nition of se
tional 
urvature.We are now ready to de�ne Ri

i 
urvature.Definition 9 (Ri

i 
urvature).Let x be a point in a smooth N -dimensional Riemannian manifold, and let v be a tangentve
tor at x. We de�ne Ric(v), the Ri

i 
urvature along v, as N times the average of
K(v,w) when w runs over the unit sphere in the tangent plane at x.

y

d(x, y) (1 − ε2 Ric /2N) on average
Sy

Sx

x

The N fa
tor 
omes from the fa
t that Ri

i 
urvature is traditionally de�ned as atra
e, hen
e a sum on a basis instead of an average on the sphere. Moreover, generallythe Ri

i 
urvature arises as a quadrati
 form so that Ric(v) is usually denoted Ric(v, v).As a 
onsequen
e we get (see also 
ondition (xii) in [RS05℄, Theorem 1.5, whi
h usesan in�mum of Ri

i 
urvature instead):Corollary 10 (Transport of Riemannian balls).Let (X, d) be a smooth 
omplete Riemannian manifold. Let v be a unit tangent ve
torat x ∈ X. Let ε, δ > 0. Let y be the endpoint of δv.Let Sx be the set of endpoints of the sphere of radius ε in the tangent plane at x,and similarly for y. Then if we map Sx to Sy using parallel transport, on average pointstravel over a distan
e
δ

(

1 − ε2

2N
Ric(v) + O(ε3 + ε2δ)

)as (ε, δ) → 0. If we use balls instead of spheres, the ε2

2N fa
tor be
omes ε2

2(N+2) .This is the 
hara
terization of Ri

i 
urvature we will use in more general spa
es.6



Finally, let us mention, for the re
ord, another visual 
hara
terization of Ri

i 
ur-vature. Consider on
e again a point x ∈ M and a unit tangent ve
tor v at x. Considera very small neighborhood C of any shape around x. For ea
h point z of C, throw ageodesi
 zt starting at z with initial dire
tion v (where v has been moved from x to zby parallel transport). As we have seen, on average these geodesi
s tend to get 
loseror farther away from the geodesi
 starting at x, a

ording to the sign of 
urvature. Let
Ct be the set obtained by �gliding� C along these geodesi
s for a time t, i.e. the union
{zt, z ∈ C}. In parti
ular C = C0.

PSfrag repla
ements v
v

v

Then we have (Exer
ise)
vol Ct = vol C (1 − t2

2 Ric(v) + smaller terms)so that Ri

i 
urvature 
ontrols the evolution of volumes under the geodesi
 �ow. (Notethat the derivative of vol Ct is 0 for t = 0 be
ause we 
hoose geodesi
s with parallelinitial speeds.)Theorems in positive Ri

i 
urvature. A lot of positive 
urvature theorems inRiemannian geometry take the form of a 
ondition on Ri

i 
urvature, 
ompared to thereferen
e positively 
urved spa
e SN . Let us mention a few of them, whi
h will serve asben
hmarks for general notions of Ri

i 
urvature. The senten
e �the Ri

i 
urvature isat least that of SN � means that for ea
h unit tangent ve
tor v, the value Ric(v) is at leastthat obtained on a unit sphere (namely N − 1). By 
omparing to a sphere of di�erentradius and res
aling, the same bounds apply whenever Ri

i 
urvature is bounded belowby any positive number.Theorem 11 (Bonnet�Myers).Let M be an N -dimensional Riemannian manifold. Suppose that the Ri

i 
urvature of
M is at least that of SN . Then the diameter of M is at most that of SN . In parti
ular
M is 
ompa
t.Theorem 12 (Li
hnerowi
z).Let M be an N -dimensional Riemannian manifold. Suppose that the Ri

i 
urvature of7



M is at least that of SN . Then the �rst non-zero eigenvalue of the Lapla
e�Beltramioperator on M is at least that of SN .Theorem 13 (Gromov�Lévy).Let M be an N -dimensional Riemannian manifold. Suppose that the Ri

i 
urvature of
M is at least that of SN .Let A ⊂ M , and let A′ ⊂ SN be a ball of radius r around some point of SN , where
r is su
h that vol A/ vol M = vol A′/ vol SN .Then for any ε > 0 one has

vol Aε

vol M
>

vol A′
ε

vol SNwhere Aε is the set of points at distan
e at most ε from A.In parti
ular, if A has smooth boundary then
volN−1 ∂A

vol M
>

volN−1 ∂A′

vol SNThis means that relative volume growth in M is faster than in SN . (Note thatabsolute volume growth is slower.)Remember how we proved 
on
entration of measure on SN : a 1/
√

N -neighborhoodof a hemisphere 
ontains almost all the mass. The Gromov�Lévy theorem implies thatthe same happens in any manifold with positive Ri

i 
urvature. So we getCorollary 14 (Con
entration in positive Ri

i 
urvature).Let M be an N -dimensional Riemannian manifold. Suppose that the Ri

i 
urvature of
M is at least that of SN . Let f : M → R be a 1-Lips
hitz fun
tion. Then there exists a
m ∈ R su
h that, for any t > 0

ν ({x ∈ Sn, |f(x) − m| > t}) 6 2 exp − t2

2D2where D = 1/
√

N − 1 and ν is the natural measure on M , normalized so that ν(M) = 1.Let us now mention some aspe
ts of the tools developed by Bakry and Émery. Re-member that the heat equation ∂f
∂t = ∆f , where ∆ is the Lapla
e�Beltrami operatorgeneralizing the usual Lapla
ian ∑ ∂2

∂x2
i

, de�nes a semi-group of operators (Pt)t>0 a
tingon, say, smooth fun
tions on a Riemannian manifold.Theorem 15 (Bakry�Émery).Let M be an N -dimensional Riemannian manifold. Suppose that the Ri

i 
urvature of
M is at least K > 0. Let (Pt)t>0 be the heat equation semigroup on M .Then for any t > 0 and any smooth fun
tion f : M → R:(i) supM ‖∇Ptf‖ 6 e−Kt supM ‖∇f‖,(ii) ‖∇Ptf‖ (x) 6 e−Kt(Pt ‖∇f‖)(x), 8



(iii) Ent f :=
∫

f log f
∫

f
dν 6 1

2K

∫ ‖∇f‖2

f dν, f > 0,where as usual ν is the normalized Riemannian volume on M .The �rst inequality states that the Lips
hitz norm is exponentially de
reasing underthe heat equation. The se
ond, more pre
ise inequality states that the norm of the gra-dient at point x at time t is 
ontrolled by the average around x of the initial norm ofthe gradient. The third inequality is a so-
alled logarithmi
 Sobolev inequality ; in thissurvey we will not say mu
h about them, but there are deep links between 
on
entra-tion of measure, 
onvergen
e of Markov 
hains or heat kernels, and these log-Sobolevinequalities [ABCFGMRS00℄. (Compare the Poin
aré inequalities mentioned below.)The Bonnet�Myers theorem 
an be found in any textbook on Riemannian geometry.A probabilisti
 proof of the Li
hnerowi
z theorem using 
ouplings of Brownian motions
an be found, for example, in [Hsu02℄ (Theorem 6.7.3). The Gromov�Lévy theorem isproven in [Gro86℄ (see also e.g. [Pet06℄) and Bakry�Émery theory 
an be found in [BE85℄.A
tually the 
on
entration of measure part of the Gromov�Lévy theorem is a 
onsequen
eof the logarithmi
 Sobole
 inequality, though this was not 
lear at the time.1.3 Markov 
hains and their 
onvergen
eWe present here basi
 results on Markov 
hains and their 
onvergen
e. We refer thereader to [Mar04℄, [ABCFGMRS00℄, [DS96℄ for approa
hes fo
using on 
onvergen
e rates,espe
ially in the dis
rete 
ase. The presentation here is partially inspired by LaurentVeysseire's master's dissertation.Random walks. Let X be a, say, Polish spa
e (i.e. metrizable, separable, 
omplete;this ensures a good behavior of measure theory). A Markov 
hain kernel, or randomwalk, on X is the following data: for ea
h x ∈ X, let mx be a probability measure on X(and we assume that the measure mx depends on x in a measurable way). The Markov
hain jumps from a point x to a random point pi
ked a

ording to mx. The n-steptransition probability is given by
dm∗n

x (y) :=

∫

z∈X
dm∗(n−1)

x (z) dmz(y)where of 
ourse m∗1
x := mx.The Markov 
hain de�nes an operator on the set of (non-negative) measures on X:if µ is a measure then we de�ne the measure µ ∗ m by

d(µ ∗ m)(y) :=

∫

x∈X
dµ(x) dmx(y)whi
h des
ribes, given an initial mass distribution, what is the new mass distributionafter a jump. Note that mass is preserved: (µ ∗ m)(X) = µ(X).In a dual way, the Markov 
hain de�nes an operator M on bounded fun
tions on Xby

(Mf)(x) :=

∫

y∈X
f(y) dmx(y)9



and we 
he
k the duality ∫

Mf dµ =
∫

f d(µ ∗ m), at least formally. Note that Mnf(x)des
ribes the expe
ted value of f at the endpoint of n steps of the random walk. Inparti
ular, if f is 
onstant then Mf = f . Also note that supMf 6 sup f .A measure µ is said to be invariant if µ∗m = µ. A measure µ is said to be reversibleif dµ(x) ⊗ dmx(y) = dµ(y) ⊗ dmy(x) as a measure on X × X. One 
he
ks that areversible measure is invariant, but reversibility des
ribes a �lo
al equilibrium� propertymu
h stronger than invarian
e, namely that, under the initial mass distribution µ, the��ow� from x to y is equal to that from y to x.If ν is an invariant measure, then 
onservation of mass reads ∫

Mf dν =
∫

f dν.Convergen
e to equilibrium, spe
tral gap and Poin
aré inequalities. Fromnow on we suppose that ν is an invariant probability measure i.e. su
h that ν(X) = 1.We denote integration under ν by E. Two natural questions arising in the theory andpra
ti
e of Markov 
hains are: Starting at a given point x ∈ X, how many steps arene
essary so that the law of the endpoint is 
lose to the invariant distribution? Given afun
tion f : X → R, how 
lose to Ef is the empiri
al average 1
T

∑T
t=1 f(xt) where the

xt's are the steps of the random walk?We will explain here the spe
tral answer to the �rst question. We will 
ome ba
k toempiri
al measures in se
tion 2.3.4.In pra
ti
e, the most widely used 
riterion to 
ompare probability measures is thetotal variation distan
e
∥

∥µ − µ′
∥

∥

TV
:= sup

A⊂X

∣

∣µ(A) − µ′(A)
∣

∣ =
1

2

∫

X
d

∣

∣µ − µ′
∣

∣ =
1

2

∥

∥

∥

∥

dµ

dµ′
− 1

∥

∥

∥

∥

L1(µ′)(whenever the latter makes sense). The �rst expression given justi�es the interest, sin
eit 
ontrols the worst error on all possible bets on the result.What we want to 
ontrol is ∥

∥m∗t
x − ν

∥

∥

TV
. It is often more 
onvenient to work in L2than in L1. Let us work for a moment with fun
tions instead of measures. Let L2

0(ν) bethe quotient of L2(ν) by the 
onstant fun
tions; the norm on L2
0 is varian
e under ν:

‖f‖2
L2

0
= ‖f − Ef‖L2 = Varν f =

1

2

∫∫

(f(x) − f(y))2 dν(x)dν(y)One then 
he
ks (Exer
ise) the asso
iativity of varian
es property:
‖f‖2 = ‖Mf‖2 +

∫

(Varmx
f) dν(x)and similarly

Varν f = Varν Mf +

∫

(Varmx
f) dν(x)where Varmx

denotes varian
e under the measure mx. This formula des
ribes the�smoothing� e�e
t of the averaging operator; it means in parti
ular that M is a non-expanding operator on L2(ν).The 
onsequen
e for 
onvergen
e of measures is the following. Let L2∗
0 (ν) be the set of

0-mass signed measures on X having an L2 density w.r.t. ν (i.e. the set {fν, f ∈ L2
0(ν)}).Then the duality formula ∫

Mf dµ =
∫

f d(µ∗m) states that 
onvolution by m on L2∗
0 (ν)10



is the dual operator to M. In parti
ular, the operator norm of M∗ on L2∗
0 (ν) is equalto that of M on L2

0(ν), sin
e both are equal to sup{
∫

Mf dµ, f ∈ L2
0, ‖f‖ 6 1, µ ∈

L2∗
0 , ‖µ‖ 6 1}.Assume for a moment that X is dis
rete, so that the Dira
 measure δx has a densityw.r.t. ν (or that, instead of starting exa
tly at x, we start with an initial distributionhaving a density w.r.t. ν). We 
an write

∥

∥

∥

∥

dm∗t
x

dν
− 1

∥

∥

∥

∥

L1(ν)

6

∥

∥

∥

∥

dm∗t
x

dν
− 1

∥

∥

∥

∥

L2(ν)

=

∥

∥

∥

∥

dm∗t
x

dν
− 1

∥

∥

∥

∥

L2
0
(ν)

=
∥

∥m∗t
x − ν

∥

∥

L2∗
0

(ν)

6 ‖δx − ν‖L2∗
0

(ν) ‖M∗‖t
L2∗

0
(ν)→L2∗

0
(ν)

=
√

1−ν(x)
ν(x) ‖M‖t

L2
0
(ν)→L2

0
(ν)Remember the formula above Varν f = Varν Mf+

∫

(Varmx
f) dν(x). If we knew that,for any fun
tion f , the quantity ∫

(Varmx
f) dν(x) represents at least some proportion αof Varν f , then we would know that Varν Mf 6 (1− α)Varν f and so ‖M‖L2

0
(ν)→L2

0
(ν) 6√

1 − α. Setting 1 − λ =
√

1 − α, what we have shown isProposition 16 (Poin
aré inequality 1).The norm of the operator M on L2
0(ν) is at most 1 − λ if and only if the inequality

Varν f 6
1

λ(2 − λ)

∫

Varmx
f dνholds for any fun
tion f ∈ L2

0(ν).In parti
ular, in this 
ase for any x ∈ X with ν(x) > 0 we have
∥

∥m∗t
x − ν

∥

∥

TV
6 1

2

√

1−ν(x)
ν(x) (1 − λ)tSu
h an inequality is (a variant of) a Poin
aré inequality. It expresses the fa
t thatthe global varian
e of f is 
ontrolled by the lo
al variations Varmx

f .Note that the √

1/ν(x) fa
tor is sometimes detrimental in appli
ations, even in verysimple examples. For example, using this method on the (lazy) simple random walk onthe dis
rete 
ube {0, 1}N yields mixing time estimates of O(N2) be
ause here 1/ν(x) =
2N , instead of the 
orre
t O(N ln N) (Exer
ise). We will see that the 
oarse Ri

i
urvature method allows to re
over O(N ln N) very easily.Continuous time. One 
an de�ne a 
ontinuous-time analogue of the situation above,by de
iding that in ea
h time interval dt, the random walk has a probability dt to jumpfrom the point x to a new point pi
ked a

ording to mx. This amounts to taking an�in�nitely lazy� random walk and then speeding up time. Namely, we repla
e M with

Mt := lim ((1 − ε) Id +εM)t/ε = et(M−Id)whi
h 
onverges as an operator on L2(ν) sin
e ‖M‖ 6 1.11



The new transition probabilities at time t are given by
dpt

x(y) =
∑

k∈N

e−t t
k

k!
dm∗t

x (y)i.e. the number of jumps in time t is Poissonian with parameter t.In this situation it is ni
e to work with the Lapla
e operator
∆ := M − Idwhi
h is the dis
rete analogue of the Lapla
ian ∑ ∂2

∂x2
i

.In analogy with the above, we want to study the operator norm of et∆ on L2
0(ν). One
an 
he
k (Exer
ise) that

d

dt |t=0
Varν(e

t∆f) = 2〈f,∆f〉L2
0
(ν) = −

∫∫

(f(y) − f(x))2 dν(x)dmx(y)where the last term is 
alled the Diri
hlet form asso
iated with the random walk.On
e more, if we knew that the right-hand-side represents at least some fra
tion α of
Varν f , then we would know that Varν(e

t∆f) de
reases at least exponentially with rate
α. What we have proven isProposition 17 (Poin
aré inequality 2).The inequality Varν(e

t∆f) 6 e−2λt Varν f holds for any f ∈ L2(ν) if and only if
Varν f 6

1

2λ

∫∫

(f(y) − f(x))2 dν(x)dmx(y)holds for any fun
tion f ∈ L2(ν).In parti
ular, in this 
ase for any x ∈ X with ν(x) > 0 we have
∥

∥pt
x − ν

∥

∥

TV
6 1

2

√

1−ν(x)
ν(x) e−λtThis is the standard form of the Poin
aré inequality. The best value of λ is 
alledthe spe
tral gap. The spirit is the same as the one above: both Varmx

f and ∫

(f(y) −
f(x))2 dmx(y) quantify the variations of f around x.The reversible 
ase. One 
he
ks that the invariant measure ν is reversible if and onlyif the operator M is self-adjoint in L2(ν). In this 
ase, we have the duality formula

(fν) ∗ m = (Mf)νmeaning that the evolution of measures is the same as the evolution of their densityfun
tions w.r.t. ν. In that 
ase, the operator M has a real spe
trum, in
luded in [−1; 1],and ∆ is a negative operator. The Poin
aré inequality then states that the spe
trumof ∆ on L2
0(ν) is 
ontained in [−2,−λ], hen
e the name spe
tral gap. Estimation of thespe
tral gap is easier in the reversible 
ase, sin
e the operator norm of M is equal to itsspe
tral radius, whi
h may be easier to 
ompute.12



The 
ase of di�usions. If X is a Riemannian manifold, one 
an take for mx thevolume measure restri
ted to the ball of radius ε around X. Then, the dis
rete Lapla
eoperator of the random walk is an approximation of ε2

2(N+2) times the Lapla
e�Beltramioperator of the manifold, and so the random walk will approximate Brownian motionand the heat equation. In this 
ase for a smooth fun
tion f both Varmx
f and ∫

(f(y)−
f(x))2 dmx(y) approximate ‖∇f‖2 (up to s
aling), and the Poin
aré inequality reads
Var f 6 1

λ

∫

‖∇f‖2.1.4 Transportation distan
esTransportation distan
es answer the following question: One wants to move a heap ofsand from an initial position to a pres
ribed new position, in a 
ost-e�e
tive way, meaningthat we want grains of sand to travel over the smallest possible distan
e. We refer to theex
ellent [Vil03℄ or [Vil08℄.This situation is formalized as follows: Let µ1, µ2 be two measures on a metri
 spa
e
X with the same total mass. A transferen
e plan from µ1 to µ2 is a measure ξ on
X ×X su
h that ∫

y dξ(x, y) = dµ1(x) and ∫

x dξ(x, y) = dµ2(y). Here dξ(x, y) representsthe quantity of sand travelling from x to y, and the two 
onstraints ensure that weindeed start with measure µ1 and end up with measure µ2. Let Π(µ1, µ2) be the set oftransferen
e plans from µ1 to µ2 (also 
alled 
ouplings between µ1 and µ2).The L1 transportation distan
e (or Kantorovi
h�Rubinstein distan
e) between µ1 and
µ2 is the best average travel distan
e that 
an be a
hieved. It is de�ned as

W1(µ1, µ2) := inf
ξ∈Π(µ1,µ2)

∫∫

d(x, y) dξ(x, y)In general this is only a semi-distan
e, as it may be in�nite. The triangle inequality re-quires the so-
alled �gluing lemma� (
omposition of 
ouplings), whi
h te
hni
ally imposesthat X be Polish. This quantity de�nes a genuine distan
e when restri
ted to the set ofthose probability measures µ with �nite �rst moment i.e. su
h that ∫

d(o, x) dµ < ∞ forsome (hen
e any) o ∈ X.Wasserstein distan
es are a generalization obtained by optimizing d(x, y)p instead of
d(x, y), for some p > 1.The only property of transportation distan
es we shall use is Kantorovi
h duality. Itstates that

W1(µ1, µ2) = sup
f :X→R

f 1−Lips
hitz∫ f dµ1 −
∫

f dµ2and the supremum 
an also be restri
ted to bounded 1-Lips
hitz fun
tions.The fa
t that the variation of the integral of a 1-Lips
hitz fun
tion is bounded bythe transportation distan
e is easy. The 
onverse dire
tion is not at all trivial. Anon-
onstru
tive proof using minimax prin
iples for 
onvex fun
tions is given in [Vil03℄,whereas a somewhat more 
onstru
tive approa
h is taken in [Vil08℄.
13



2 Dis
rete Ri

i 
urvature2.1 De�nition and examplesWe now have all the ne
essary ingredients to de�ne a 
oarse version of Ri

i 
urvature,as presented in [Oll07, Oll09℄. Remember that, in Riemannian manifolds, the value ofRi

i 
urvature 
an be re
overed by 
omparing the average distan
e between two smallballs to the distan
e between their 
enters (Corollary 10). We use this 
hara
terizationin more general spa
es: we will say that 
oarse Ri

i 
urvature is positive if balls are
loser than their 
enters are in transportation distan
e. The di�eren
e gives the valueof 
oarse Ri

i 
urvature.The notion of �small ball� depends on what is relevant in the situation 
onsidered.For example, in a graph it might be natural to take balls of radius 1, whereas in amanifold arbitrarily small balls are the natural 
hoi
e. This allows for a de�nition ofRi

i 
urvature �at a given s
ale�. For example, the Earth is a reasonable approximationof an ellipsoid up to a s
ale of a dozen kilometers; the de�nition below allows to 
omputethe Ri

i 
urvature of the Earth at this s
ale and 
ompare it to the ellipsoid.So, to allow for a more general treatment, we will assume that for ea
h point x inour spa
e X, a probability measure mx on X is given, whi
h represents a �ball� of ourown 
hoosing around x. Of 
ourse, this is exa
tly the same data as a Markov 
hain.Moreover, in Riemannian manifolds Ri

i 
urvature is de�ned for a tangent ve
tor.In more general spa
es, the best we 
an do for a tangent ve
tor is a pair of 
lose points.(The meaning of �
lose� is made pre
ise by Exer
ise 22 below.)
x

y

x

y

w

w′

<d(x, y)
(1 − κ) d(x, y)

my

mxon average
Definition 18 (Coarse Ri

i 
urvature).Let (X, d) be a metri
 spa
e, endowed with a family (mx)x∈X of probability measureson X. Let x, y be two points in X. The 
oarse Ri

i 
urvature κ(x, y) of X along xy isde�ned by the relation

W1(mx,my) = (1 − κ(x, y)) d(x, y)where W1 is the L1 transportation distan
e.The hidden te
hni
al assumptions are the following: X should be Polish; the measure
mx should depend measurably on x ∈ X; ea
h mx should have �nite �rst moment (seese
tion 1.4). 14



Definition 19 (ε-step random walk).Let (X, d, µ) be a metri
 measure spa
e, and assume that balls in X have �nite measureand that Suppµ = X. Choose some ε > 0. The ε-step random walk on X, starting at apoint x, 
onsists in randomly jumping in the ball of radius ε around x, with probabilityproportional to µ; namely, mx = µ|B(x,ε)/µ(B(x, ε)). (One 
an also use other fun
tionsof the distan
e, su
h as Gaussian kernels.)Maybe the most fundamental example is the following.Exer
ise 20 (Dis
rete 
ube).Let {0, 1}N be the dis
rete 
ube equipped with its L1 metri
 and uniform probabilitymeasure. Compute the 
oarse Ri

i 
urvature of the 1-step random walk for a pair ofpoints x, y at distan
e 1.Next, we did everything so that in Riemannian manifolds, we get the 
orre
t value ofRi

i 
urvature up to some s
aling (and up to 
he
king that parallel transport betweenballs is indeed an optimal 
oupling up to higher-order terms). See also 
ondition (xii)in [RS05℄, Theorem 1.5, whi
h uses an in�mum of Ri

i 
urvature instead.Exer
ise 21 (Riemannian manifolds).Let (X, d) be a smooth 
omplete N -dimensional Riemannian manifold. Equip it withthe ε-step random walk, for ε small enough.Let x, y ∈ X with d(x, y) small enough, and let v be the unit tangent ve
tor at x onthe geodesi
 from x to y. Then
κ(x, y) =

ε2 Ric(v)

2(N + 2)
+ O(ε3 + ε2d(x, y))The ε2 fa
tor re�e
ts the fa
t that Riemannian manifolds are lo
ally Eu
lidean upto se
ond order.In both these 
ases, we have 
omputed 
urvature only for �
lose� points x, y. This isjusti�ed by the following simple yet very useful property.Exer
ise 22 (Geodesi
 spa
es).Suppose that (X, d) is α-geodesi
 in the sense that for any two points x, y ∈ X, there ex-ists an integer n and a sequen
e x0 = x, x1, . . . , xn = y su
h that d(x, y) =

∑

d(xi, xi+1)and d(xi, xi+1) 6 α.Then, if κ(x, y) > κ for all pairs of points with d(x, y) 6 α, then κ(x, y) > κ for allpairs of points x, y ∈ X.For example, a graph is 1-geodesi
, and a Riemannian manifold is α-geodesi
 for any
α > 0: in both 
ases, this is the very de�nition of the distan
e.This property is to be kept in mind in the next series of examples.Exer
ise 23 (ZN and R

N).Let m be the simple random walk on the graph of the grid Z
N equipped with its graphmetri
. Then for any two points x, y ∈ Z

N , the 
oarse Ri

i 
urvature along (xy) is 0.This example generalizes to the 
ase of Z
N or R

N equipped with any distan
e andrandom walk whi
h are translation-invariant. For example, the triangular tiling of theplane has 0 
urvature, as well as R
N equipped with an Lp norm.15



Our last basi
 example was R
N equipped with a Gaussian measure. Following thespirit of Bakry�Émery theory, we use (a dis
retization of) the natural random pro
esshaving a Gaussian measure as its invariant distribution, namely the Ornstein�Uhlenbe
kpro
ess.Exer
ise 24 (Ornstein�Uhlenbe
k pro
ess).Let s > 0, α > 0 and 
onsider the Ornstein�Uhlenbe
k pro
ess in R

N given by thesto
hasti
 di�erential equation
dXt = −αXt dt + s dBtwhere Bt is a standard N -dimensional Brownian motion. The invariant distribution isGaussian, of varian
e s2/2α. Let δt > 0 and let the random walk m be the �ow at time

δt of the pro
ess. Expli
itly, mx is a Gaussian probability measure 
entered at e−αδtx,of varian
e s2(1 − e−2αδt)/2α ∼ s2δt for small δt.Then the 
oarse Ri

i 
urvature κ(x, y) of this random walk is 1 − e−αδt ∼ αδt, forany two x, y ∈ R
N .On Riemannian manifolds this generalizes as follows.Exer
ise 25 (Ri

i 
urvature à la Bakry�Émery).Let X be an N -dimensional Riemannian manifold and F be a tangent ve
tor �eld.Consider the di�erential operator

L :=
1

2
∆ + F · ∇asso
iated with the sto
hasti
 di�erential equation

dXt = F dt + dBtwhere Bt is the Brownian motion in X. The Ri

i 
urvature (in the Bakry�Émery sense)of this operator, applied to a tangent ve
tor v is 1
2 Ric(v, v) − v · ∇vF .Consider the Euler approximation s
heme at time δt for this sto
hasti
 equation,whi
h 
onsists in following the �ow of F for a time δt and then randomly jumping in aball of radius √

(N + 2)δt.Let x, y ∈ X with d(x, y) small enough, and let v be the unit tangent ve
tor at x onthe geodesi
 from x to y. Then
κ(x, y) = δt

(

1

2
Ric(v, v) − v · ∇vF + O(d(x, y)) + O(

√
δt)

)

16



x

y

v

Fxδt
x′

d(x, y) + δt v.(Fy − Fx)

d(x′, y′) (1 − δt Ric(v, v)/2)on average
y′

FyδtLet us explain the normalization: Jumping in a ball of radius ε generates a varian
e
ε2 1

N+2 in a given dire
tion. On the other hand, the N -dimensional Brownian motionhas, by de�nition, a varian
e dt per unit of time dt in a given dire
tion, so a properdis
retization of Brownian motion at time δt requires jumping in a ball of radius ε =
√

(N + 2)δt. Also, as noted in [BE85℄, the generator of Brownian motion is 1
2∆ insteadof ∆, hen
e the 1

2 fa
tor for the Ri

i part.Maybe the reason for the additional −v · ∇vF in Ri

i 
urvature à la Bakry�Émeryis made 
learer in this 
ontext: it is simply the quantity by whi
h the �ow of F modi�esdistan
es between two starting points.It is 
lear on this example why reversibility is not fundamental in this theory: theantisymmetri
 part of the for
e F generates an in�nitesimal isometri
 displa
ement.Combining the Markov 
hain with an isometry of the spa
e has no e�e
t whatsoever onour de�nition.Exer
ise 26 (Multinomial distribution).Consider the set X = {(x0, x1, . . . , xd), xi ∈ N,
∑

xi = N} viewed as the 
on�gurationset of N balls in d + 1 boxes. Consider the pro
ess whi
h 
onsists in taking a ball atrandom among the N balls, removing it from its box, and putting it ba
k at random inone of the d + 1 boxes. More pre
isely, the transition probability from (x0, . . . , xd) to
(x0, . . . , xi − 1, . . . , xj + 1, . . . , xd) (with maybe i = j) is xi/N(d + 1). The multinomialdistribution N !

(d+1)N
∏

xi!
is reversible for this Markov 
hain.Equip this 
on�guration spa
e with the metri
 d((xi), (x

′
i)) := 1

2

∑ |xi − x′
i| whi
h isthe graph distan
e w.r.t. the moves above. The 
oarse Ri

i 
urvature of this Markov
hain is 1/N .Exer
ise 27 (Binomial and Poisson distributions).Consider the dis
rete 
ube {0, 1}N equipped with the following 
ontinuous-time randomwalk: during a time interval δt, ea
h digit 0 has a probability p δt of be
oming a 1 andea
h digit 1 has a probability q δt of be
oming a 0. What is the 
oarse Ri

i 
urvatureof (a small-time dis
retization of) this random walk?A parti
ularly interesting 
ase is when N → ∞ and p = λ/N, q = 1. Then thenumber of 1's asymptoti
ally follows a Poisson law of parameter λ; the random walk17



�proje
ted� on N by 
onsidering only the number of 1's tends to the so-
alled M/M/∞pro
ess on N.The next example relates our de�nition to a traditional generalization of negativese
tional 
urvature. Although negative Ri

i 
urvature is generally not very useful inRiemannian geometry, it is ni
e to see that at least the de�nition is 
onsistent. (Thisexer
ise requires good knowledge of δ-hyperboli
 geometry.)Exer
ise 28 (δ-hyperboli
 groups).Let X be the Cayley graph of a non-elementary δ-hyperboli
 group with respe
t to some�nite generating set. Let k be a large enough integer (depending on the group) and
onsider the random walk on X 
onsisting in performing k steps of the simple randomwalk. Let x, y ∈ X. Then κ(x, y) = − 2k
d(x,y) (1−o(1)) when k and d(x, y) tend to in�nity.Note that −2k/d(x, y) is the smallest possible value for κ(x, y), knowing that thesteps of the random walk are bounded by k. The argument applies to trees or dis
rete

δ-hyperboli
 spa
es with a uniform lower bound on the exponential growth rate of ballsas well.Exer
ise 29 (Glauber dynami
s for the Ising model).Let G be a �nite graph. Consider the 
on�guration spa
e X := {−1, 1}G together withthe energy fun
tion U(S) := −∑

x∼y∈G S(x)S(y) − h
∑

x S(x) for S ∈ X, where h ∈ Ris the external magneti
 �eld. For some β > 0, equip X with the Gibbs distribution
µ := e−βU/Z where as usual Z :=

∑

S e−βU(S). The distan
e between two states isde�ned as the number of verti
es of G at whi
h their values di�er.For S ∈ X and x ∈ G, denote by Sx+ and Sx− the states obtained from S by setting
Sx+(x) = +1 and Sx−(x) = −1, respe
tively. Consider the following random walk on X(known as the Glauber dynami
s): at ea
h step, a vertex x ∈ G is 
hosen at random, anda new value for S(x) is pi
ked a

ording to lo
al equilibrium, i.e. S(x) is set to 1 or −1with probabilities proportional to e−βU(Sx+) and e−βU(Sx−) respe
tively (note that onlythe neighbors of x in�uen
e the ratio of these probabilities). The Gibbs distribution isreversible for this Markov 
hain.Then the 
oarse Ri

i 
urvature of this Markov 
hain is at least

1

|G|

(

1 − vmax
eβ − e−β

eβ + e−β

)where vmax is the maximal valen
y of a vertex of G. In parti
ular, if
β <

1

2
ln

(

vmax + 1

vmax − 1

)then 
urvature is positive. Consequently, the 
riti
al β is at least this quantity.This estimate for the 
riti
al temperature 
oin
ides with the one derived in [Gri67℄.A
tually, our argument generalizes to di�erent settings (su
h as non-
onstant/negativevalues of the 
oupling Jxy between spins, or 
ontinuous spin spa
es), and the positive
urvature 
ondition for the Glauber dynami
s exa
tly amounts to the well-known one-site Dobrushin 
riterion [Dob70℄ (or to G(β) < 1 in the notation of [Gri67℄, Eq. (19)). By
omparison, the exa
t value of the 
riti
al β for the Ising model on the regular in�nite tree18



of valen
y v is 1
2 ln

(

v
v−2

), whi
h shows asymptoti
 optimality of this 
riterion. Whenblo
k dynami
s (see [Mar04℄) are used instead of single-site updates, positive 
oarse Ri

i
urvature of the blo
k dynami
s Markov 
hain is equivalent to the Dobrushin�Shlosman
riterion [DS85℄.Positive 
urvature in our sense implies several properties, espe
ially, exponential 
on-vergen
e to equilibrium, 
on
entration inequalities and a modi�ed logarithmi
 Sobolevinequality. For the Glauber dynami
s, the 
onstants we get in these inequalities areessentially the same as in the in�nite-temperature (independent) 
ase, up to some fa
tordepending on temperature whi
h diverges when positive 
urvature 
eases to hold. This isessentially equivalent to the main results of the literature under the Dobrushin�Shlosman
riterion (see e.g. the review [Mar04℄), but may be a qui
k way to prove them. Note thatin our setting we do not need the underlying graph to be Z
N .Exer
ise 30.Make pre
ise 
omparisons between the results obtained on Ising-like models using the-orems on positive dis
rete 
oarse Ri

i 
urvature, and the results from the literature.We end this series of examples by asking for new ones.Problem A (Log-
on
ave measures).We have seen that 
oarse Ri

i 
urvature is positive for R

N equipped with a Gaussianmeasure, and this generalizes to smooth, uniformly stri
tly log-
on
ave measures. Whathappens for a general log-
on
ave measure? The next example would be a 
onvex set(whose boundary has �positive 
urvature� in an intuitive geometri
 sense), with theasso
iated pro
ess a Brownian motion 
onditioned not to leave the 
onvex body.Problem B (Finsler manifolds).We have seen that 
oarse Ri

i 
urvature is 0 for R
N equipped with an Lp norm. Doesthis give anything interesting in Finsler manifolds? (Compare [Oht℄ and [OS℄.)Problem C (Nilpotent groups).We have seen that 
urvature of Z

N is 0. What happens on dis
rete or 
ontinuousnilpotent groups?For example, on the dis
rete Heisenberg group 〈 a, b, c | ac = ca, bc = cb, [a, b] = c 〉,the natural dis
rete random walk analogous to the hypoellipti
 di�usion operator onthe 
ontinuous Heisenberg group is the random walk generated by a and b. Sin
e thesegenerators are free up to length 8, 
learly 
oarse Ri

i 
urvature is negative at smalls
ales, but does it tend to 0 at larger and larger s
ales?2.2 Elementary propertiesWe leave here as exer
i
es a series of simple properties asso
iated with positive 
oarseRi

i 
urvature. We say that 
oarse Ri

i 
urvature is at least κ if for any pair of points
x, y ∈ X we have κ(x, y) > κ. 19



The �rst su
h result shows that our notion is a dire
t generalization of one of theresults of Bakry and Émery in positive Ri

i 
urvature (part (i) of Theorem 15 above).This was a
tually suggested in [RS05℄.Exer
ise 31 (Lips
hitz norm 
ontra
tion).Coarse Ri

i 
urvature is at least κ if and only if the random walk operator M maps
1-Lips
hitz fun
tions to (1 − κ)-Lips
hitz fun
tions. (Hint: One dire
tion is easy; useKantorovi
h duality for the other.)Statements equivalent to the following proposition also appear in [Dob70℄ (Theo-rem 3), in [Dob96℄ (Proposition 14.3), in the se
ond edition of [Che04℄ (Theorem 5.22),in [DGW04℄ (in the proof of Proposition 2.10) and in [Oli℄.Exer
ise 32 (W1-
ontra
tion).Coarse Ri

i 
urvature is at least κ if and only if the random walk a
ting on the spa
eof probability measures with �nite �rst moment, equipped with the L1 transportationdistan
e, is a (1 − κ)-
ontra
tion. (Hint: First 
he
k that this spa
e is stable under therandom walk a
tion, then either use Kantorovi
h duality or the fa
t from [Vil08℄ that optimal
ouplings 
an be 
hosen in a measurable way.)Corollary 33 (Convergen
e).Suppose that 
oarse Ri

i 
urvature is at least κ > 0. Then there exists a uniqueinvariant probability measure ν. Moreover, for any probability measure µ we have

W1(µ ∗ m∗t, ν) 6 W1(µ, ν) (1 − κ)t 6 (diam X) (1 − κ)tand, for x ∈ X,
W1(m

∗t
x , ν) 6

W1(δx,mx)
κ (1 − κ)tThe latter estimate is sometimes very useful be
ause W1(δx,mx) (the �jump� of therandom walk at x) is often readily a

essible.Exer
ise 34.Use this to prove an O(N ln N) estimate for mixing time of the lazy simple random walkon the dis
rete 
ube (in 
omparison with the O(N2) from the Poin
aré inequality).Exer
ise 35 (Composition).Let X be a metri
 spa
e equipped with two random walks m = (mx)x∈X , m′ = (m′

x)x∈X .Suppose that the 
oarse Ri

i 
urvature of m (resp. m′) is at least κ (resp. κ′). Let m′′be the 
omposition of m and m′, i.e. the random walk whi
h sends a probability measure
µ to µ ∗ m ∗ m′. Then the 
oarse Ri

i 
urvature of m′′ is at least κ + κ′ − κκ′.Exer
ise 36 (Superposition).Let X be a metri
 spa
e equipped with a family (m(i)) of random walks. Suppose thatfor ea
h i, the 
oarse Ri

i 
urvature of m(i) is at least κi. Let (αi) be a family of non-negative real numbers with ∑

αi = 1. De�ne a random walk m on X by mx :=
∑

αim
(i)
x .Then the 
oarse Ri

i 
urvature of m is at least ∑

αiκi.20



Exer
ise 37 (L1 tensorization).Let ((Xi, di))i∈I be a �nite family of metri
 spa
es and suppose that Xi is equipped witha random walk m(i). Let X be the produ
t of the spa
es Xi, equipped with the distan
e
d :=

∑

di. Let (αi) be a family of non-negative real numbers with ∑

αi = 1. Considerthe random walk m on X de�ned by
m(x1,...,xk) :=

∑

αi δx1
⊗ · · · ⊗ mxi

⊗ · · · ⊗ δxkSuppose that for ea
h i, the 
oarse Ri

i 
urvature of m(i) is at least κi. Then the
oarse Ri

i 
urvature of m is at least inf αiκi. (The �in�mum� aspe
t is 
lear: if some
omponent mixes very badly or not at all, then so does the whole pro
ess.)We 
lose this se
tion with an open problem. In several examples above, the naturalpro
ess was a 
ontinuous-time one. When the spa
e is �nite or 
ompa
t, or when one hasgood expli
it knowledge of the pro
ess (as for Ornstein�Uhlenbe
k on R
N ), dis
retizationworks very well, but this might not be the 
ase in full generality.Problem D (Continuous-time).Suppose a 
ontinuous-time Markov semigroup (mt

x)x∈X,t∈R+
is given. One 
an de�ne a
oarse Ri

i 
urvature in a straightforward manner as

κ(x, y) := lim inf
t→0+

1

t

d(x, y) − W1(m
t
x,mt

y)

d(x, y)but then, in the proofs of the elementary properties above, there arise non-trivial issuesof 
ommutation between limits and integrals, espe
ially if the generator of the pro
ess isunbounded. Is this de�nition, 
ombined with some assumption on the pro
ess (e.g. non-explosion), enough to get all the properties above in full generality, for both di�usionsand jump pro
esses? Given an unbounded generator for the pro
ess, is positivity of the
κ(x, y) above enough to ensure non-explosion? (One 
ould dire
tly use the Lips
hitznorm 
ontra
tion as a de�nition [RS05, Jou07℄, but �rst, this is not a lo
al 
riterion, andse
ond, it only de�nes a lower bound on Ri

i 
urvature, not a value at a given point.)2.3 Results in positive 
oarse Ri

i 
urvature2.3.1 More notationBefore stating the theorems, we need two more de�nitions whi
h 
apture 
oarse analoguesof the di�usion 
onstant and dimension of the spa
e. Here, as above, we 
onsider a metri
spa
e (X, d) equipped with a random walk (mx)x∈X .Definition 38 (Diffusion 
onstant).Let the (
oarse) di�usion 
onstant of the random walk at x be

σ(x) :=

(

1

2

∫∫

d(y, z)2 dmx(y) dmx(z)

)1/2and, if ν is an invariant distribution, let
σ := ‖σ(x)‖L2(X,ν)21



be the average di�usion 
onstant. Let also σ∞(x) := 1
2 diam Suppmx and σ∞ :=

supσ∞(x).Definition 39 (Lo
al dimension).Let the lo
al dimension at x be
nx :=

σ(x)2

sup{Varmx
f, f : Suppmx → R 1-Lips
hitz}and n := infx nx.Exer
ise 40.Consider the ε-step random walk on an N -dimensional Riemannian manifold. Then

σ(x) = ε
√

N
N+2 + o(ε) and N − 1 6 nx 6 N (I do not know the exa
t value).About this de�nition of dimension. Obviously nx > 1. For the dis
rete-timeBrownian motion on a N -dimensional Riemannian manifold, one has nx ≈ N . For thesimple random walk on a graph, nx ≈ 1. This de�nition of dimension amounts to sayingthat in a spa
e of dimension n, the typi
al variations of a (1-dimensional) Lips
hitzfun
tion are 1/

√
n times the typi
al distan
e between two points. This is the 
ase in thesphere Sn, in the Gaussian measure on R

n, and in the dis
rete 
ube {0, 1}n. So generallyone 
ould de�ne the �statisti
al dimension� of a metri
 measure spa
e (X, d, µ) by thisformula i.e.
StatDim(X, d, µ) :=

1
2

∫∫

d(x, y)2 dµ(x)dµ(y)

sup{Varµ f, f 1-Lips
hitz}so that for ea
h x ∈ X the lo
al dimension of X at x is nx = StatDim(X, d,mx). Withthis de�nition, R
N equipped with a Gaussian measure has statisti
al dimension N andlo
al dimension ≈ N , whereas the dis
rete 
ube {0, 1}N has statisti
al dimension ≈ Nand lo
al dimension ≈ 1.2.3.2 Spe
tral gapWe now give a generalization to the Li
hnerowi
z theorem (Theorem 12) stating thatpositive 
urvature implies a spe
tral gap. We begin with a study of Lips
hitz versus L2norms.Exer
ise 41 (Varian
e of Lips
hitz fun
tions).Let (X, d,m) be a random walk on a metri
 spa
e, with 
oarse Ri

i 
urvature at least

κ > 0. Let ν be the unique invariant distribution. Suppose that σ < ∞. Then thevarian
e of a 1-Lips
hitz fun
tion is at most σ2

nκ(2−κ) 6 σ2

nκ . In parti
ular, Lips
hitzfun
tions are in L2(ν). (Hint: Iterate the formula Var f = Var Mf +
∫

Varmx
f dν(x).)Proposition 42 (Spe
tral gap).Let (X, d,m) be a metri
 spa
e with random walk, with invariant distribution ν. Supposethat the 
oarse Ri

i 
urvature of X is at least κ > 0 and that σ < ∞. Suppose that νis reversible, or that X is �nite. 22



Then the spe
tral radius of the averaging operator a
ting on L2(X, ν)/{
onst} is atmost 1 − κ.Compare Theorem 1.9 in [CW94℄ (Theorem 9.18 in [Che04℄).Proof (sket
h).The spe
tral radius w.r.t. Lips
hitz norm of the operator M a
ting on Lips
hitz fun
tionsis at most 1−κ by the results above. In full generality, sin
e the Lips
hitz norm 
ontrolsthe L2 norm by the above, the spe
tral radius of M w.r.t. the L2 norm, restri
ted to thesubspa
e of Lips
hitz fun
tions in L2, is 6 1 − κ as well. Now Lips
hitz fun
tions aredense in L2, and for a bounded, self-adjoint operator it is enough to 
ontrol the spe
tralradius on a dense subspa
e. �Problem E (Non-reversible spe
tral gap).What happens in the non-reversible 
ase? There are di�erent ways to formulate the ques-tion: spe
tral radius, norm of the operator, Poin
aré inequality. (Note that a Poin
aréinequality with a worse 
onstant and with a �blurred� gradient always holds, 
f. these
tion on log-Sobolev inequality in [Oll09℄.)In the reversible 
ase, we get that the spe
trum of ∆ is in
luded in [−2;−κ] togetherwith the two Poin
aré inequalities
Varν f 6

1

κ(2 − κ)

∫

Varmx
f dν(x)and

Varν f 6
1

2κ

∫∫

(f(y) − f(x))2 dν(x) dmx(y)as a 
orollary.Exer
ise 43.Run through all the examples above, and 
ompare the spe
tral gap obtained by 
oarseRi

i 
urvature to the a
tual value of the spe
tral gap, when known (e.g. on the 
ube).Problem F (Sharp Li
hnerowi
z theorem).For the ε-step random walk on a Riemannian manifold, the operator ∆ = M − Idof the random walk behaves like ε2

2(N+2) times the Lapla
e�Beltrami operator and the
oarse Ri

i 
urvature is ε2

2(N+2) times ordinary Ri

i 
urvature, so that we get a spe
tralgap estimate of inf Ric(v) for the Lapla
e�Beltrami operator. On the other hand, theLi
hnerowi
z theorem has a qualitatively 
omparable but slightly better spe
tral gapestimate N
N−1 inf Ric(v), whi
h is sharp for the sphere. This is be
ause our de�nition of

κ(x, y) somehow overlooks that the se
tional 
urvature K(v, v) in the dire
tion of xy is
0. Is there a way to take this into a

ount? (Note that our estimate is sharp for thedis
rete 
ube as well as for the Ornstein�Uhlenbe
k pro
ess, so the phenomenon is ratherspe
i�
 to this situation.)Problem G (Non-
onstant 
urvature).The estimate above uses the in�mum of κ(x, y). Is it possible to relax this assumptionand, for example, in
lude situations where κ takes �not too many� negative or zero values?23



Using the 
oarse Ri

i 
urvature of the iterates mt
x for some t > 2 should �smoothenout� ex
eptional values of κ(x, y), so that for large t the 
oarse Ri

i 
urvature of mt

xshould be 
lose to an �average� 
oarse Ri

i 
urvature of mx (probably involving largedeviations of the average value of κ(x, y) along traje
tories of the random walk).This may be interesting e.g. on random obje
ts (graphs...) where lo
ally some nega-tive 
urvature is bound to o

ur somewhere.2.3.3 Con
entration of measureOne of our main motivations was to �nd a 
ommon geometri
 property between three
on
entrated spa
es, namely the sphere, the dis
rete 
ube and the Gaussian spa
e. It isvery satisfying that the property thus found implies 
on
entration of measure.We now state the theorem without proof (see [Oll09℄). Remember the notation inSe
tion 2.3.1.The estimated Gaussian varian
e is σ2/nκ, in the notation of se
tion 2.3.1. However,
on
entration is not always Gaussian far away from the mean, as exempli�ed by binomialdistributions on the 
ube or M/M/∞ queues. The width of the Gaussian window is
ontrolled by two fa
tors. First, variations of the di�usion 
onstant σ(x)2 
an result inpurely exponential behavior; this leads to the assumption that σ(x)2 is bounded by aLips
hitz fun
tion. Se
ond, as Gaussian phenomena only emerge as the result of a largenumber of small events, the �granularity� of the pro
ess must be bounded, whi
h leadsto the (
omfortable) assumption that σ∞ < ∞. Otherwise, a Markov 
hain whi
h sendsevery point x ∈ X to some �xed measure ν has 
oarse Ri

i 
urvature 1 and 
an havearbitrary bad 
on
entration properties depending on ν.In the 
ase of Riemannian manifolds, simply letting the step of the random walktend to 0 makes the width of the Gaussian window tend to in�nity, so that we re
overGaussian 
on
entration as predi
ted by the Gromov�Lévy theorem (Theorem 14). Forthe uniform measure on the dis
rete 
ube, the Gaussian width is equal to the diameter ofthe 
ube, so that we get full Gaussian 
on
entration as well. In a series of other examples(su
h as Poisson measures), the transition from Gaussian to non-Gaussian regime o

ursroughly as predi
ted by the theorem.Theorem 44 (Gaussian 
on
entration).Let (X, d,m) be a random walk on a metri
 spa
e, with 
oarse Ri

i 
urvature at least
κ > 0. Let ν be the unique invariant distribution.Let

D2
x :=

σ(x)2

nxκand
D2 := EνD

2
xSuppose that the fun
tion x 7→ D2

x is C-Lips
hitz. Set
tmax :=

D2

max(σ∞, 2C/3)Then for any 1-Lips
hitz fun
tion f , for any t 6 tmax we have
ν ({x, f(x) > Eνf + t}) 6 exp − t2

6D224



and for t > tmax

ν ({x, f(x) > Eνf + t}) 6 exp

(

− t2max

6D2
− t − tmax

max(3σ∞, 2C)

)

Remark 45.A
tually σ(x)2/nxκ itself need not be Lips
hitz, only bounded by some Lips
hitz fun
-tion. In parti
ular, if σ(x)2 is bounded one 
an always set D2 = supx
σ(x)2

nxκ and C = 0.Statements somewhat similar to this latter 
ase appear in [DGW04℄ (under a strong lo
alassumption) and in [Jou07℄.Exer
ise 46 (Continuous-time situations).Observe that the theorem above has a well-de�ned limit when we repla
e the randomwalk m = (mx)x∈X with the lazy random walk m′ whose transition probabilities are
m′

x := (1 − δt) δx + δt mx. The point is that when δt → 0, both σ2
x and κ s
ale like

δt (and nx tends to 1). This means that we 
an apply Theorem 44 to 
ontinuous-timeexamples.Exer
ise 47.Review the various examples and 
he
k that the order of magnitude of the Gaussianvarian
e is 
orre
t, espe
ially for Riemannian manifolds and for binomial distributionson the 
ube.Exer
ise 48.Remove the various te
hni
al assumptions (Lips
hitz σ(x)2, bounded σ∞) and �nd
ounter-examples to the resulting statements. Also �nd an example when the Gaus-sian regime pra
ti
ally disappears and only the exponential part is visible.Problem H (Isoperimetri
 profile and 
urvature at infinity).Suppose that inf κ(x, y) = 0 but that the same in�mum taken on balls of in
reasing radiiaround some origin is non-zero. Is there a systemati
 
orresponden
e between the way
urvature de
reases to 0 at in�nity and the isoperimetri
 pro�le? (Compare the se
tionof [Oll09℄ devoted to the relationship between non-negative 
oarse Ri

i 
urvature andexponential 
on
entration.) An interesting example is the M/M/k queue.Problem I (Lo
al assumptions).The 
ondition σ∞ < ∞ 
an be repla
ed with a lo
al Gaussian-type assumption, namelythat for ea
h measure mx there exists a number sx su
h that Emx
eλf 6 eλ2s2

x/2eλEmx f forany 1-Lips
hitz fun
tion f . Then a similar theorem holds, with σ(x)2/nx repla
ed with
s2
x. (When s2

x is 
onstant this is Proposition 2.10 in [DGW04℄.) However, this is not atall well-suited to dis
rete settings, be
ause when transition probabilities are small, thebest s2
x for whi
h su
h an inequality is satis�ed is usually mu
h larger than the a
tualvarian
e σ(x)2: for example, if two points x and y are at distan
e 1 and mx(y) = ε, sxmust satisfy s2

x > 1/2 ln(1/ε) ≫ ε. Thus making this assumption will provide extremelypoor estimates of the varian
e D2 when some transition probabilities are small (e.g. for25



binomial distributions on the dis
rete 
ube). In parti
ular, when taking a 
ontinuous-time limit as above, su
h estimates diverge. So, is there a way to relax the assumption
σ∞ < ∞, yet keep an estimate based on the lo
al varian
e σ2, and 
an this be done sothat the estimate stays bounded when taking a 
ontinuous-time limit?Problem J (Fun
tional inequalities).The Lapla
e transform estimate Eeλ(f−Ef) 6 eD2λ2/2 often used to establish Gaussian
on
entration for a measure ν is equivalent, by a result of Bobkov and Götze [BG99℄, tothe following inequality: W1(µ, ν) 6

√

2D2 Ent(dµ/dν) for any probability measure µ ≪
ν. Is there a way to formulate our results in terms of fun
tional inequalities? As su
h, theinequality above will fail as 
on
entration 
an be non-Gaussian far away from the mean(e.g. in the simple example of the binomial distributions on the 
ube), so in a 
oarsesetting it might be ne
essary to plug additive terms in the formulation of the inequalityto a

ount for what happens at small measures or small s
ales. Another suggestion byVillani is to use a Talagrand inequality where the L2 transportation distan
e is repla
edwith a quadrati
-then-linear transportation 
ost and use the results in [GL07℄.2.3.4 Further results: Convergen
e of empiri
al measures, Log-Sobolev in-equality, Gromov�Hausdor� 
onvergen
eSeveral more results are proven under these or similar assumptions.

• For example, in his preprint [Jou℄, Joulin proves that, under a positive 
urvatureassumption, the empiri
al means of Lips
hitz fun
tions are 
on
entrated and sat-isfy a Poisson-like deviation inequality (together with a 
ontrol of their deviationfrom the a
tual expe
tation under the invariant measure). The order of magni-tude for the varian
e at time t is, with our notation, sup σ(x)2

tκ2 , and the transitionfrom Gaussian to Poisson behavior of the tail is 
ontrolled by σ∞ as above. (Seealso [DGW04℄ for related results.)
• A generalization of the results of Bakry�Émery mentioned above (Theorem 15)holds [Oll09℄. We use a kind of �blurred Lips
hitz 
onstant� de�ned by ∇λf(x) :=

supy,y′∈X
|f(y)−f(y′)|

d(y,y′) e−λd(x,y)−λd(y,y′). The larger λ is, the 
loser this is to the usualLips
hitz norm, but there is a maximal possible value of λ depending on the obje
t:typi
ally for a manifold one 
an take λ → ∞ and thus re
over the usual gradient,whereas in a graph one has to take λ ≈ 1.With this gradient, one 
an prove generalizations to points (ii) and (iii) of Theo-rem 15. Namely, any positive fun
tion f : X → R with ∇λf < ∞ satis�es
Entν f :=

∫

f log f dν 6

(

sup
x

4σ(x)2

κnx

)
∫

(∇λf)2

f
dνand moreover, we have the 
ontra
tion property ∇λ(Mf) 6 (1−κ/2)M(∇λf). (So
ompared to Theorem 15, we lose a fa
tor 4 or so in the 
onstants for Riemannianmanifolds; this is to be expe
ted for a theorem valid both on dis
rete and 
ontinuoussettings.) 26



Exer
ise 49 (Herbst argument for ∇λ).Use the Herbst argument to show that a logarithmi
 Sobolev inequality with thegradient ∇λf as above implies Gaussian-then-exponential 
on
entration, where thetransition from Gaussian to exponential is 
ontrolled by the value of λ. (Hint:Show that for λ′ 6 λ, for any 1-Lips
hitz fun
tion f we have the 
hain rule (∇λeλ′f )(x) 6

λ′ eλ′f(x). For this use the inequality ∣

∣ea − eb
∣

∣ 6 |a − b| ea+eb

2 . Then apply the usualHerbst argument.) Does the argument work the other way round?
• Oliveira [Oli℄ used 
ontra
tion of transportation distan
es by Markov 
hains to sub-stantially improve mixing time estimates of a random walk on the set of orthogonalmatri
es known as Ka
's random walk, whi
h 
onsists, at ea
h step, in 
omposingthe 
urrent matrix with a rotation of random angle in the plane generated by tworandomly 
hosen 
oordinates. This is 
onsistent, of 
ourse, with the positive Ri

i
urvature of SO(N) as a Riemannian manifold, but Ka
's random walk is morepra
ti
al than Brownian motion on SO(N).
• Finally, sin
e the obje
ts used in the de�nition of 
oarse Ri

i 
urvature involveonly integrals of the distan
e fun
tion under the transition kernel, it is kind oftautologi
al [Oll09℄ to prove 
ontinuity theorems for 
oarse Ri

i 
urvature inthe Gromov�Hausdor� topology (suitably extended to in
lude 
onvergen
e of theMarkov kernel).2.3.5 A few more problemsProblem K (Sturm�Lott�Villani definition).What is the relationship (if any) between our notion and the one de�ned by Sturmand Lott�Villani [Stu06, LV09℄? The latter is generally more di�
ult to work out on
on
rete examples, and is not so well suited to dis
rete settings (though see [BS℄), butunder the stronger CD(K,N) version, some more theorems are proven, in
luding theBrunn�Minkowski inequality and Bishop�Gromov 
omparison theorem, together withappli
ations to the Finsler 
ase [Oht, OS℄.Problem L (Bishop�Gromov theorem).Is it possible to generalize more traditional theorems of positive Ri

i 
urvature, i.e. theBishop�Gromov theorem, or something 
lose to the isoperimetri
 form of the Gromov�Lévy theorem? It is not 
lear what a referen
e 
onstant 
urvature spa
e would be inthis 
ontext. Observe for example that, in the dis
rete 
ube, the growth of balls isexponential-like for small values of the radius (namely N , N(N − 1)/2, et
.). Su
htheorems may be limited to manifold-like spa
es for whi
h a referen
e 
omparison spa
eexists. Yet in the 
ase of the 
ube, the isoperimetri
 behavior of balls still �slows down�in a positive-
urvature-like way. A maybe useful de�nition of the �boundary� of a part

A is W1(1A, 1A ∗ m). Also 
ompare Problem R below.Problem M (Entropy de
ay).The logarithmi
 Sobolev inequality (under the form 
omparing Ent f2 to ∫

‖∇f‖2, notunder the modi�ed form 
omparing Ent f to ∫

‖∇f‖2 /f) usually implies an exponential27



de
reasing of entropy by the Markov 
hain. Is there some form of this phenomenon in oursetting? (On
e more, it is ne
essary to keep in mind the 
ase of binomial distributionson the 
ube, for whi
h the modi�ed form of the Sobolev logarithmi
 inequality wasintrodu
ed.)Problem N (Dis
rete Ri

i flow).De�ne a �dis
rete Ri

i �ow� by letting the distan
e on X evolve a

ording to 
oarseRi

i 
urvature
d

dt
d(x, y) = −κ(x, y) d(x, y)where κ(x, y) is 
omputed using the 
urrent value of the distan
e (and by either keepingthe same transition kernel mx or having it evolve a

ording to some rule). What 
anbe said of the resulting evolution? (Note that if the same transition kernel is kept, thenthis will only 
ompare to the usual Ri

i �ow up to a 
hange of time, sin
e, e.g. on aRiemannian sphere, this will amount to using smaller and smaller �di�usion 
onstants�whereas the di�usion 
onstant C in the Ri

i �ow dg

dt = −C Ric is taken 
onstant; inparti
ular, the diameter of a sphere will tend exponentially towards 0 instead of linearly.)Problem O (Up to δ).The 
onstraint W1(mx,my) 6 (1 − κ) d(x, y) may be quite strong when x and y aretoo 
lose, even if the measures mx,my have a larger support. In order to eliminate
ompletely the in�uen
e of small s
ales, and in the spirit of δ-hyperboli
 spa
es, we 
ande�ne a �positive 
urvature up to δ� 
ondition. Namely, κ(x, y) is the best 6 1 
onstantin the inequality
W1(mx,my) 6 (1 − κ(x, y)) d(x, y) + δso that positive 
urvature up to some δ be
omes an open property in Gromov�Hausdor�topology. Whi
h theorems extend to this setting? Is it possible, in su
h a situation, to
hoose a dis
rete subset X ′ ⊂ X and to rede�ne the random walk on X ′ in a reasonableway su
h that it has positive 
oarse Ri

i 
urvature?Problem P (Dis
rete se
tional 
urvature).A notion equivalent to non-negative se
tional 
urvature for Riemannian manifolds 
anbe obtained by requiring that there be a 
oupling between mx and my, su
h that the
oupling moves all points of mx by at most d(x, y). (This amounts to repla
ing W1with the L∞ transportation distan
e in the de�nition.) Does this have any interestingproperties? Is it possible to get an a
tual value for se
tional 
urvature? (In this de�nition,the 
ontribution from x and y themselves will generally prevent getting non-zero values.)Is this related to positive se
tional 
urvature in the sense of Alexandrov? (Though thelatter 
annot be applied to dis
rete spa
es.)Problem Q (Dis
rete s
alar 
urvature).In Riemannian geometry, s
alar 
urvature at x is the average of Ric(v) over all unitve
tors v around x. It 
ontrols, in parti
ular, the growth of the volume of balls. Hereone 
an transpose this de�nition and set S(x) :=

∫

κ(x, y) dmx(y) (where maybe a weightdepending on d(x, y) should be added). Does it have any interesting properties?28



Problem R (L2 Bonnet�Myers and the dimension parameter).For an L2 version of the Bonnet�Myers theorem to hold, it is ne
essary to make strongerassumptions than positive 
urvature, namely that for any points x, x′ and for any smallenough pair of times t, t′ one has
W1(m

∗t
x ,m∗t′

x′ ) 6 e−κ inf(t,t′)d(x, x′) +
C(

√
t −

√
t′)2

2d(x, x′)whereas before one used only the 
ase t = t′. (The se
ond term is obtained by 
onsid-ering Gaussian measures of varian
e t and t′ 
entered at x and x′ in R
N .) Then (seethe se
tion on strong Bonnet�Myers theorem in [Oll09℄) one gets a diameter estimate

diam X 6 π
√

C
2κ so that C plays the role of N − 1. Is the 
onstant C somehow re-lated to a �dimension�, in parti
ular to the �dimension� n in the Bakry�Émery CD(K,n)
ondition?Problem S (Alexandrov spa
es).What happens for spa
es with positive se
tional 
urvature in the sense of Alexandrov?Do they have positive Ri

i 
urvature for a reasonable 
hoi
e of mx? This seems to beunknown for the Sturm�Lott�Villani de�nition too. Would it be enough to approximatethese spa
es by manifolds or use a parallel transport in Alexandrov spa
es? (See alsoProblem P above.)Problem T (Expanders).Is there a family of expanders (i.e. a family of graphs of bounded degree, spe
tral gapbounded away from 0 and diameter tending to ∞) with non-negative Ri

i 
urvature?(Suggested by A. Naor and E. Milman.)Problem U (Permutation groups).For the permutation groups, with respe
t to the random walk generated by transposi-tions, Ri

i 
urvature is positive but does not allow to re
over 
on
entration of measurewith the 
orre
t order of magnitude. Is this related to results by N. Beresti
ky aboutthe δ-hyperboli
-like properties of the permutation groups, whi
h thus appear to have amixture of positive and negative 
urvature properties?Referen
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